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Abstract
We study a varying electric charge brane world cosmology in the RS2 model ob-
tained from a varying-speed-of-light brane world cosmology by redefining the system of
units. We elaborate conditions under which the flatness problem and the cosmological
constant problem can be resolved by such cosmological model.
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The recent observational evidence [1, 2, 3] for time-varying fine-structure constant
α = e2/(4πh¯c) prompted renewed interest in cosmological models where a fundamental
constant of nature, e.g., the speed of light c or the electric charge e, varies with time.
Variable-Speed-of-Light (VSL) cosmological models [4, 5] were proposed also as an
alternative to inflation [6, 7, 8] for resolving [4, 5, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] the
cosmological problems of the Standard Big Bang model. The original VSL models by
Moffat [4] and by Albrecht and Magueijo [5] assume that the speed of light, a constant
in the action, varies with time during an early period of cosmic evolution, thereby the
Lorentz symmetry becoming explicitly broken. The bimetric models, later proposed by
Clayton and Moffat [13, 15, 17, 18], provide a mechanism by which the speed of light can
vary with time in a diffeomorphism invariant manner without explicitly breaking the
Lorentz symmetry. (See also Ref. [19] for an independent development.) Alternatively,
a varying-α cosmological model where the electric charge e varies with time in the
manner described by the varying-α theory of Bekenstein [20] was also studied [21] in
an attempt to give theoretical explanation for currently observed time-varying α.
Previously, we studied [22, 23, 24] the VSL cosmologies in the Randall-Sundrum
(RS) scenarios [25, 26], following the approaches of the VSL models with varying
fundamental constant and the bimetric model of Clayton and Moffat. We studied
conditions under which the cosmological problems can be resolved by such VSL brane
world cosmologies. In particular, it was shown that the cosmological constant problem
in the RS brane world cosmologies can be resolved by the VSL theories. So, the VSL
models can be used to bring the corrections to the fine-tuned brane tensions under
control. The VSL models in the brane world scenarios are of interest, also because of
the recent works [27, 28, 29, 30, 31, 32, 33, 34] indicating the Lorentz violation in the
brane world scenarios. We also studied [35] the brane world cosmology in the RS model
where the electric charge varies with time in the manner described by the varying-α
theory of Bekenstein [20].
In this paper, we study the varying-e brane world cosmology which is related to the
VSL brane world cosmology through the change of system of units. We consider the
Randall-Sundrum (RS) brane world model with one positive tension brane and infinite
extra dimensions, i.e., the RS2 model [26]. We summarize the VSL cosmology in the
RS2 model studied in Ref. [22]. Then, we redefine the system of units to map the VSL
brane world cosmology to the dual varying-e brane world cosmology. We find that
the flatness and the cosmological constant problems can be resolved by such varying-e
cosmological model, provided the dielectric field varies rapidly enough.
We begin by discussing the VSL brane world cosmology studied in Ref. [22]. If
the speed of light c is variable, then the Lorentz invariance becomes explicitly broken.
Therefore, it is postulated in VSL models that there exists a preferred Lorentz frame
in which the laws of physics simplify. In such preferred frame, the action is assumed
to be given by the standard action with a constant c is replaced by a field c(xµ), the
so-called principle of minimal coupling. In a preferred Lorentz frame, the action for
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the VSL cosmology in the RS2 model is given by
S =
∫
d5x
[√
−gˆ
(
ψ
16πG5
R− Λ
)
+ Lψ
]
+
∫
d4x
√−g [Lmat − σ] , (1)
where σ is the tension of the 3-brane (assumed to be located at the origin y = 0 of
the extra spatial coordinate y), a scalar field ψ(xM ) ≡ c4(xM) is defined out of varying
speed of light c(xM ), the Lagrangian Lψ for ψ controls the dynamics of ψ, and Lmat is
the Lagrangian density of matter fields confined on the brane. It is required that Lψ
should be explicitly independent of the other fields, including the metric, so that the
principle of minimal coupling continues to hold for the equations of motion.
Since ψ is assumed to be minimally coupled, the Einstein’s equations take the
conventional forms with the constant c replaced by a field c(xM ):
GMN = 8πG5
ψ
TMN , (2)
with the energy-momentum tensor given by
TMN = −gˆMNΛ + δµMδνN
(
T matµν − gµνσ
) √−g√−gˆ δ(y). (3)
Here, the energy-momentum tensor T matµν = − 2√−g δ(
√−gLmat)
δgµν
for the brane matter fields
in the comoving frame has the usual perfect fluid form:
T mat µν = diag
(
−̺c2, ℘, ℘, ℘
)
, (4)
where ̺ and ℘ are the mass density and the pressure of the brane matter fields.
The general bulk metric Ansatz for the expanding brane universe where the prin-
ciples of homogeneity and isotropy in the three-dimensional subspace are satisfied is
gˆMNdx
MdxN = −n2(t, y)c2dt2 + a2(t, y)γijdxidxj + b2(t, y)dy2, (5)
where γij is the metric for the maximally symmetric three-dimensional space given by
γijdx
idxj =
(
1 +
k
4
δmnx
mxn
)−2
δijdx
idxj =
dr2
1− kr2 + r
2(dθ2 + sin2 θdψ2), (6)
with k = −1, 0, 1 respectively for the three-dimensional spaces with the negative, zero
and positive spatial curvatures. Then, the Einstein’s equations (2) take the forms:
3
c2n2
a˙
a
(
a˙
a
+
b˙
b
)
− 3
b2
[
a′
a
(
a′
a
− b
′
b
)
+
a′′
a
]
+
3k
a2
=
8πG5
c4
[
Λ + (σ + ̺c2)
δ(y)
b
]
, (7)
1
b2
[
a′
a
(
2
n′
n
+
a′
a
)
− b
′
b
(
n′
n
+ 2
a′
a
)
+ 2
a′′
a
+
n′′
n
]
+
2
1c2n2
[
a˙
a
(
2
n˙
n
− a˙
a
)
+
b˙
b
(
n˙
n
− 2 a˙
a
)
− 2 a¨
a
− b¨
b
]
− k
a2
= −8πG5
c4
[
Λ+ (σ − ℘)δ(y)
b
]
, (8)
n′
n
a˙
a
+
a′
a
b˙
b
− a˙
′
a
= 0, (9)
3
b2
a′
a
(
a′
a
+
n′
n
)
− 3
c2n2
[
a˙
a
(
a˙
a
− n˙
n
)
+
a¨
a
]
− 3k
a2
= −8πG5
c4
Λ, (10)
where the overdot and the prime respectively denote derivatives w.r.t. t and y. Al-
though the metric components are continuous everywhere, their derivatives w.r.t. y
are discontinuous at y = 0 due to the δ-function like brane source there. The following
boundary conditions on the first derivatives at y = 0 are determined by Eqs. (7,8):
[a′]0
a0b0
= −8πG5
3c4
(σ + ̺c2), (11)
[n′]0
n0b0
= −8πG5
3c4
(σ − 3℘− 2̺c2), (12)
where the subscript 0 denotes quantities evaluated at y = 0, e.g., a0(t) ≡ a(t, 0), and
[F ]0 ≡ F (0+)− F (0−) denotes the jump of F (y) across y = 0.
The effective four-dimensional Friedmann equations on the 3-brane can be obtained
[36] by taking the jumps and the mean values of the five-dimensional Einstein’s equa-
tions (7-10) across y = 0 and then applying the boundary conditions (11,12). We
assume that the radius of the extra space is stable, i.e., b˙ = 0, and the y-coordinate is
defined so that b = 1. The resulting effective Friedmann equations have the forms:
(
a˙0
a0
)2
=
16π2G25
9c6
(̺2c4 + 2σ̺c2) +
Cc2
a40
+
4πG5
3c2
(
Λ +
4πG5
3c4
σ2
)
− kc
2
a20
, (13)
a¨0
a0
= −16π
2G25
9c6
(2̺2c4 + σ̺c2 + 3σ℘+ 3℘̺c2)− Cc
2
a40
+
4πG5
3c2
(
Λ+
4πG5
3c4
σ2
)
, (14)
where C is an integration constant. The C-term (called “dark radiation” term) origi-
nates from the Weyl tensor of the bulk and thus describes the backreaction of the bulk
gravitational degress of freedom on the brane [36, 37, 38, 39, 40].
In the limit of σ ≫ ̺c2, ℘ [41, 42] and with an assumption of the fine-tuned brane
tension σ =
√
− 3c4
4piG5
Λ, the effective Fredmann equations (13,14) take the following
forms of the conventional cosmology:
(
a˙0
a0
)2
=
8πG4
3
̺+
Cc2
a40
− kc
2
a20
, (15)
a¨0
a0
= −4πG4
3
(̺+ 3
℘
c2
)− Cc
2
a40
, (16)
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where the effective four-dimensional Newton’s constant given by
G4 =
8πG25σ
3c4
. (17)
From these effective Friedmann equations, we obtain the following generalized energy
conservation equation:
˙̺ + 3
a˙0
a0
(
̺+
℘
c2
)
= −G˙4
G4
̺+
3kcc˙
4πG4a20
− 3Ccc˙
4πG4a40
. (18)
So, while G4 or c varies with time, the matter is created on or taken out of the brane
universe.
We now map the VSL brane world cosmology discussed in the above to the dual
varying-e brane world cosmology by changing the system of units. As was pointed out
in Ref. [5], it makes sense only to talk about constancy or variability of dimensionless
ratios of dimensionful quantities, since the measured values of dimensionful quantities
are actually the ratios to some standard units, which may vary with time. Depending
on a choice of units, we can regard time-variation of a dimensionless ratio as being due
to any subset of dimensionful quantities forming the dimensionless ratio. For example,
we can regard the time-variation of α = e2/(4πh¯c) as being due to the time variation
of either c (and h¯) or e, depending on the choice of units. Furthermore, it is always
possible to redefine system of units such that a given model is mapped to the dual model
where a different subset of dimensionful quantities varies with time. We redefine the
system of units such that the speed of light remains constant and the electric charge
varies with time. Quantities in the system of units where the speed of light c varies
with time and the electric charge e remains constant are denoted without hat. Those
in the units where the electric charge varies with time and the speed of light remains
constant are denoted with hat. We relate these two systems of units in the following
way (Cf. Ref. [10]):
c2dt = cˆ2dtˆ, cdx = cˆdxˆ,
dE
c3
=
dEˆ
cˆ3
. (19)
To find the relations between dimensionful quantities in the two systems of units, we
consider the following dimensionless ratios of the dimensionful quantities:
cdt
dx
=
cˆdtˆ
dxˆ
,
h¯
dEdt
=
ˆ¯h
dEˆdtˆ
,
G4dE
c4dx
=
Gˆ4dEˆ
cˆ4dxˆ
,
e2
dEdx
=
eˆ2
dEˆdxˆ
, (20)
which take the same values regardless of the system of units chosen. Here, the time-
varying speed of light c and the constant speed of light cˆ = c0 are assumed to be related
by a function ε(t) of time as c = cˆε. In the system of units without hat, h¯ ∝ c ∝ 1/√α,
so h¯ = ˆ¯hε. The following relations among the remaining dimensionful quantities in the
two systems of units can be obtained from Eqs. (19,20):
eˆ = e/ε, Gˆ4 = G4, (21)
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from which we see that ε can be interpreted as the vacuum dielectric field. Since c = cˆε,
Eq. (19) is equivalent to
dtˆ = ε2dt, dxˆ = εdx, dEˆ = dE/ε3. (22)
By using this transformation, we can find relations among measurements of any di-
mensionful quantities in the two systems of units. In particular, the mass densities,
the pressures and the brane tensions in the two systems of units are related as
ˆ̺ = ̺/ε4, ℘ˆ = ℘/ε6, σˆ = σ/ε6. (23)
From Eqs. (21,23), we see that the five-dimensional Newton’s constants in the two
systems of units are relationed as Gˆ5 = G5ε.
In the new system of units, in which the speed of light remains constant, the bulk
metric (5) takes the form:
dsˆ2 = ε2ds2 = −nˆ2cˆ2dtˆ2 + aˆ2γˆijdxˆidxˆj + bˆ2dyˆ2, (24)
where nˆ = n, aˆ = εa, bˆ = b, and
γˆijdxˆ
idxˆj =
(
1 +
kˆ
4
δmnxˆ
mxˆn
)
δijdxˆ
idxˆj =
drˆ2
1− kˆrˆ2 + rˆ
2
(
dθˆ2 + sin2 θˆdφˆ2
)
. (25)
After redefining the units, a spatial coordinate transformation is performed so that
kˆ = k = 0,±1. By applying the above transformations between the two systems of
units to Eqs. (13,14), we obtain the following effective Friedmann equations in the new
system of units:
(
˙ˆa0
aˆ0
− ε˙
ε
)2
=
16π2Gˆ25
9c60
(ˆ̺2c40 + 2σˆ ˆ̺c
2
0) +
Cˆc20
aˆ40
+
4πGˆ5
3c20
(
Λˆ +
4πGˆ5
3c40
σˆ2
)
− kˆc
2
0
aˆ20
, (26)
¨ˆa0
aˆ0
− ε¨
ε
= −16π
2Gˆ25
9c60
(2ˆ̺2c40+ σˆ ˆ̺c
2
0+3σˆ℘ˆ+3℘ˆ ˆ̺c
2
0)−
Cˆc20
aˆ40
+
4πGˆ5
3c20
(
Λˆ +
4πGˆ5
3c40
σˆ2
)
, (27)
where Cˆ = ε2C, Λˆ = Λ/ε and the overdot from now on denotes derivative w.r.t. tˆ. In
the limit of σˆ ≫ ˆ̺c20, ℘ˆ, these effective Friedmann equations take the forms:(
˙ˆa0
aˆ0
− ε˙
ε
)2
=
8πGˆ4
3
ˆ̺+
Cˆc20
aˆ40
− kˆc
2
0
aˆ20
, (28)
¨ˆa0
aˆ0
− ε¨
ε
= −4πGˆ4
3
(ˆ̺+ 3
℘ˆ
c20
)− Cˆc
2
0
aˆ40
, (29)
where Gˆ4 = 8πGˆ
2
5σˆ/3c
4
0. The energy conservation equation (18) is transformed to
˙̺ˆ + 3
˙ˆa0
aˆ0
(
ˆ̺ +
℘ˆ
c20
)
=
(
3
℘ˆ
c20
− ˆ̺ + 3kˆc
2
0
4πGˆ4aˆ20ε
2
− 3Cˆc
2
0
4πGˆ4aˆ40ε
2
)
ε˙
ε
−
˙ˆ
G4
Gˆ4
ˆ̺, (30)
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which can be obtained also by taking the tˆ-derivatives of Eqs. (28,29).
We now discuss the resolution of cosmological problems by our dual varying-e brane
world cosmological model. First, we consider the resolution of the flatness problem.
From Eq. (28) we see that the critical mass density ˆ̺c, defined as the mass density of
a flat universe (kˆ = 0) for a given Hubble parameter ˙ˆa0/aˆ0, is given by
ˆ̺c =
3
8πGˆ4


(
˙ˆa0
aˆ0
− ε˙
ε
)2
− Cˆc
2
0
aˆ40

 . (31)
We measure the deviation of the mass density ˆ̺ of the universe from the critical density
ˆ̺c by ǫ ≡ ˆ̺/ ˆ̺c − 1. So, the ǫ < 0, ǫ = 0 and ǫ > 0 cases respectively correspond to the
open, flat and closed universes. The tˆ-derivative of ǫ is given by
ǫ˙ = (1 + ǫ)
(
˙̺ˆ
ˆ̺
−
˙̺ˆ
c
ˆ̺c
)
. (32)
We assume that the brane matter fields satisfy the equation of state of the form ℘ˆ =
w ˆ̺c20 with a constant w. Then, making use of Eqs. (28-30), we obtain
˙̺ˆ
ˆ̺
= −3
˙ˆa0
aˆ0
(1 + w)−
˙ˆ
G4
Gˆ4
+
ε˙
ε
(
3w +
ǫ− 1
ǫ+ 1
− 3Cˆc
2
0
4πGˆ4aˆ40 ˆ̺
)
,
˙̺ˆ
c
ˆ̺c
= −
˙ˆa0
aˆ0
[2 + (1 + ǫ)(1 + 3w)]−
˙ˆ
G4
Gˆ4
+
ε˙
ε
[
(1 + ǫ)(1 + 3w)− 2− 3Cˆc
2
0
4πGˆ4aˆ40 ˆ̺c
]
.(33)
Substituting these into Eq. (32), we obtain the following equation describing the time
evolution of ǫ:
ǫ˙ = (1 + ǫ)ǫ
˙ˆa0
aˆ0
(1 + 3w) +
[
2− (1 + ǫ)(1 + 3w) + 3Cˆc
2
0
4πGˆ4aˆ40 ˆ̺c
]
ǫ
ε˙
ε
= (1 + ǫ)ǫ
˙ˆa0
aˆ0
(1 + 3w) +

 2
(
˙ˆa0
aˆ0
− ε˙
ε
)2
(
˙ˆa0
aˆ0
− ε˙
ε
)2 − Cˆc20ε4
aˆ4
0
− (1 + ǫ)(1 + 3w)

 ǫ ε˙
ε
. (34)
As in the VSL cosmologies, We assume that ε varies rapidly enough such that |ε˙/ε| ≫
˙ˆa0/aˆ0 during the early period of cosmic evolution. Then, Eq. (34) is approximated to
ǫ˙ ≈

 2
(
ε˙
ε
)2
(
ε˙
ε
)2 − Cˆc20ε4
aˆ4
0
− (1 + ǫ)(1 + 3w)

 ǫ ε˙
ε
. (35)
Due to the upper limit on Cˆ imposed by the nucleosynthesis constraint [37] and the
requirement that the dark radiation term should not give a large contribution to the
current expansion of the universe, we can neglect the Cˆ-term in Eq. (35) compared
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to (ε˙/ε)2. So, the terms in the square bracket of Eq. (35) can be approximated to
2− (1 + ǫ)(1 + 3w). The condition for the flat universe (ǫ = 0) to be a stable attractor
is therefore w ≤ 1/3. This condition can be satisfied by the radiation brane matter
(w = 1/3) and the dust (w = 0), so our varying-e brane world cosmological model
solves the flatness problem, if ε varies rapidly enough.
Next, we consider the resolution of the cosmological constant problem. Unlike
the case of the standard cosmology, the mass density of the brane matter, satisfying
ˆ̺ = −℘ˆ/c20, is not directly related to the cosmological constant, but rather to the brane
tension. Assuming the brane tension σˆ to have initially taken the fine-tunned value
giving rise to the zero effective cosmological constant on the brane, we can regard the
mass density ˆ̺δσˆ satisfying ˆ̺δσˆ = −℘ˆδσˆ/c20 as being due to the the correction δσˆ to
the fine-tuned brane tension. Nonzero δσˆ gives rise to nonzero effective cosmological
constant Λeff =
16pi2Gˆ2
5
3c8
0
δσˆ2 in the four-dimensional universe on the brane. We separate
the contribution to ˆ̺ into that ˆ̺m from the ordinary brane matter and that ˆ̺δσˆ = δσˆ/c
2
0
from the correction to the fine-tuned brane tension, i.e., ˆ̺ = ˆ̺m + ˆ̺δσˆ. Then, the
conservation equation (30) is modified to
˙̺ˆ
m + 3
˙ˆa0
aˆ0
(
ˆ̺m +
℘ˆm
c20
)
= − ˙̺ˆ δσˆ −
˙ˆ
G4
Gˆ4
ˆ̺ +
(
3
℘ˆm
c20
− ˆ̺m − 4ˆ̺δσˆ
+
3kˆc20
4πGˆ4aˆ
2
0ε
2
− 3Cˆc
2
0
4πGˆ4aˆ
4
0ε
2
)
ε˙
ε
. (36)
To study the time evolution of the cosmological constant term in the Friedmann equa-
tions, we define ǫδσˆ ≡ ˆ̺δσˆ/ ˆ̺m, whose tˆ-derivative is given by
ǫ˙δσˆ = ǫδσˆ
(
˙̺ˆ
δσˆ
ˆ̺δσˆ
−
˙̺ˆ
m
ˆ̺m
)
. (37)
Making use of the effective Friedmann equations and the conservation equation and
assuming the equation of state of the form ℘ˆ = w ˆ̺c20, we obtain
˙̺ˆ
δσˆ
ˆ̺δσˆ
= −6 ε˙
ε
, (38)
˙̺ˆ
m
ˆ̺m
= −3
˙ˆa
aˆ
(1 + w) + (3w − 1) ε˙
ε
− 2 ε˙
ε
ˆ̺c
ˆ̺m
+ 2
ε˙
ε
ˆ̺ + ˆ̺δσˆ
ˆ̺m
− ˆ̺
ˆ̺m
˙ˆ
G4
Gˆ4
− 3Cˆc
2
0
4πGˆ4aˆ
4
0
ε˙
ε
. (39)
Substituting these into Eq. (37), we obtain the following equation describing the time
evolution of ǫδσˆ:
ǫ˙δσˆ = ǫδσˆ

3
(
˙ˆa0
aˆ0
− ε˙
ε
)
(1 + w) + 2
ε˙
ε
1 + ǫδσˆ
1 + ǫ
+

 ˙ˆG4
Gˆ4
− 4 ε˙
ε

 (1 + ǫδσˆ) + 3Cˆc20
4πGˆ4aˆ40
ε˙
ε

 .
(40)
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If we assume |ε˙/ε| ≫ ˙ˆa0/aˆ0, then Eq. (40) for the flat brane universe (ǫ = 0) is
approximated to
ǫ˙δσˆ = ǫδσˆ

(1 + ǫδσˆ)
˙ˆ
G4
Gˆ4
+
(
3Cˆc20
4πGˆ4aˆ40
− 5− 3w − 2ǫδσˆ
)
ε˙
ε

 . (41)
In order for ǫδσˆ to be driven to zero (so that the correction δσˆ to the fine-tuned brane
tension does not grow with time) as the brane universe expands, the term in the
square bracket has to be negative. With
˙ˆ
G4 = 0, this can be achieved, if the following
is satisfied:
3Cˆc20
4πGˆ4aˆ40
> 5 + 3w + 2ǫδσˆ. (42)
When
˙ˆ
G4 6= 0, the condition for ǫδσˆ = 0 being a stable attractor becomes less stringent.
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